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Abstract

In this paper we prove the existence of the Banach space —valued Littlewood —Paley theorem implies that a Banach space is
isomorphic to a Hilbert space.
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Introduction
Suppose that a function i isin S (R”) with suppy < {5 eR? :%S &< Z}and ‘y?(ﬁ)‘ >c>0if gs |£| < g . Then

one form of the classical Littlewood-Paley theoremon R" says

1
2
cltl, <[ St f] <cl, g
k ell
p
where 1< p < oo, y, (X)=2"y (Zk x),and ¢,C are constants independent of f .
We study the vector-valued Littlewood-Paley theorem. To be precise, let B be a Banach spaceand L§ ( R" ) be the space of strongly

measurable B -valued function f for which | f |B eLf (R”) . It is well known that if B is a Hilbert space, then the classical
Littlewood-Paley theorem still holds

1
2
oIl s Tt (] <clrl, g

Lp

where 1< p < oo and y isthe same functionas in (1).

We first prove that if B is a Banach space on (2) for one function y mentioned above, then (2) holds for a more general family of
operators.

Definition (1.1) [3]:

A family of operators {Sk }kEZ is said to be an approximation to the identity if for 0 < & <1 and 6 =& —&' > 0 thereisa constant

C suchthatforall k € Zandall x,x’,y and y'e R", S, (X, y) , the kernels of S, , satisfy the following conditions:
2—k£

(2’k +|x - y|)n+€

1S (xy)=<C

) ’ X=X ’ 27k -
i) 1S, (X,¥)—S, (X, <C —for (X =X'|<=127° +|x—|],
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@15, (195, (') [z [ L 2y yjsde o)
Pl o

) [S, (x¥) =8, (x.¥)] =[S, (x.¥) =S, (x.y)

SCL 1X_X’| j ( |ky—y’| j 2" — for |x—x’|£1(2’k+|x—k|)
2 4x=y|) |27 +|x-y]| (2% +[x~y]) 2

and|y—y’|§%(2k +|x—y|),and5=g—g'>0

(v)jSk(x, y)dy:ISk(x, y)dx=1forall kel .

Al of the conditions (i) — (v) on the approximate identities are needed for the Calderon reproducing formula.

Definition (1.2) [3]:

Fix two exponents 0 < S <1 and ¥ > 0. A B -valued function f , where B is a Banach space, is said to be a test function of
type (3,7 ) centeredat X, € R" withwidth d > 0 if f satisfies the following conditions:

0 [l sc— .
(d+|x—x0| )
. , x=x| d’ !
(ii) ‘f(x)—f(x)‘BSC[dL|X_LO|J (d+|x—xo)n+y for|x—x|25(d+|x—x0|),

(i) j f(x)dx=0

2
The collection of all test functions of type (3,7 centered at with width d >0 will be denoted by M"")(x,,d). If
f e MU (x),d) thenormof f in f e MY (x,,d) isdefined by

”f ”Mgﬁ“’)(xo,d) = inf {C 2 0}

If i)ii),(iii) of Definition (1.2) hold, we denote the class of all f € M{”7)(0,1) by M) Itis easy to see that M ") is

Banach space under the nom f e M{*7) <oo . It is also easy to see that M"”) = f e M) (x,,d ) for x, € R" and
d > 0, with equivalent norms.

Theorem (1.3) [ 3]:
Suppose that {Sk} is approximation to the identity defined in (4) below. Set D, =S, —S, , . Thenthere exists a family of operators
{D} _ suntatforall f e M),

f=2|5ka(f) €)

kel

where the series converges in the norm of M éﬂ ) with B'< B and y' <y . Moreover, Dk (x, y) the kernel of f)k , satisfy the
following estimates: for £, 0 < &’ < & where ¢ isthe regularity exponentof S, , there exists a constant C > 0.
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Such that
- 27k8'
i) D, (x,y)<C ~
(l)‘ k(X yx< (2*k+|x—y|)n+b |
s - x| Y 2k ool
(ii) ‘Dk(x, y)—Dk(x,y)‘gcileH;lyJ (27k+|x_y|)"”' f0r|X_X|SE(2 “+x-y])

(i) j D, (x, y)dy = j D, (x,y)dx =0 forall k e Z .
since Y’ D, ()= f inthestrongtopology of L3 (R”) Jitis easy tosee that M \*7) is densein L2 (R”) forall 0< p <1

kez

and y > 0.

Theorem (1.4) [3]:

Suppose that B is a Banach space. Suppose {Sk} is an approximation to the identity and D, =S, —S, , , and the Littlewood-
Paley theorem holds for { D, } , thatis, for 1< p < oo,

0.0 f

Then the Littlewood-Paley theorem holds for {E, } where E, =R, —R,_; and {R, } is an approximation to the identity, that is,
forl< p<oo

el < <C|fl, @

1

2
el || T 0OF ] el g

L
Proof:
We need to show (5) forall f € M gﬂ 7). Suppose that (5) holds and E, = R, — R, , where {Rk} is an approximation to the

identity. By Theorem (1.3) forall f € M gﬂ ) with 0 < p <land y > 0,wehave

E(f)=> ED,D,(f)

jez

It is easy to check that E, D i (X, y) , the kernel of E, Dj , satisfies the following estimates
2—(k/\j)6"

(2—(k/\j) n |X _ y|)n+g

where 0 < g" < &' < ¢ and a A b denotes the minimumof a and b
Hence

[E.D; (x,y)<c2 ©

2

{zmur}i M<D,<f>1ﬂ

kez

<C {Z{sz“"

kez| jez

p

<C {Z‘M(Dj(f)f};

jez

p

p
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1
2|2
<C {Z\ D;(f) } @)
jez

p
Where M is the Hardy-L.ittlewood maximal function; the last inequality follows from the Fefferman-Stein vector-valued maximal
inequality [1].
The proof of the inverse inequality of (7) is the same, and hence, this completes the proof.

Corollary (1.5)[2]: Consider the assumption of Theorem (1.4) ,then

1
/
CZimallflly < ([{E Zreal e (I}
and
. o NG
Siallillp < ||{Z7 el Ec ()}
forall fieMp(B,7).

Proof: for0 < 8 <1 and r > 0 we have

ey,

Lp

<cxllly

me,) ZZEKDD (%)

j=11i€eRrR

ExD;(x.y) isthe kemel of E D; by Theorem (14). Satisfying the estimates of (6) in Theorem (1.4). Then we have

{Z wa(f,n } D ZZZ -l {ZEMD ) }

KeZ j= KezZ |iezZ j= i€Z j

1
2\2

<cC

(p:(5))

{ZZw ()l }

i€Z j

Theorem (1.6) [3]:
Let B beanyBanachspace, N 21, a, €B,...,a, €B .Letl< 4 <..<4, <4
2ﬂ{£+u+...+%+%+”ﬂ”+"}£a<l
A A A
LetF,(6,,....0,)=a, +ae” +..+a,.e", 0<6, <2z forl<k<n and

F (t)=a,+ae™ +..+ae", O£9k£27r.Then,
(L-a)|FR[, <[F.[, <@+a)[F,], ©

A; betheintegers for all j and

n+lrtt

©)

where, the L* —norm will always be the normalized L [0, 27r]n normor L? [0,277] with respect to all the variables.
To prove this theorem, set

Fu(t,6.,..0,) =3 +ae™ +..+ae™ +a, % +..+ae" (10)
We will prove
Fn,k—lHZ _8k ” fn ”2 < fn,k ‘2 < fn,k—lHZ +8k ” fn”z (11)
M+o+A

wherel<k<nand¢ =27
k
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Observe first that once (11) is proved we obviously obtain
(1-& == )|Rl, <[, <|Foal, + &Rl <@+ & +.v &R, @2

which yields the theorem.

The second observation is that the inequality in (11) for 1< k < n follows from the inequality in (11) for kK = n . Indeed, let us freeze
0.y, 0, anwrite

<

2

a,=a,+a_ % +..+ae"

We now apply (11) with n being replaced by k , and obtain

Héo +ae™ +..+a_e% + . +ae" & Hao rae® 1. +ae®

L2(dtdo,

|+ Héo +ae” +..+ae™

L2(d6;...d6,)

< Héo +ae™ +..+a.e™

L2(dtd6, L2(6,--d6;)

Writing ¢ for (6,..,...,6, ) and using symbolic notation, we have obtained
A(¢)-¢&B(4)<C ()< A(¢)+B(9) (13)
Now wetake L* norms with respect to ¢ and obtain
||A¢||L2(d¢) _8k HB (¢) |_2(d¢) S HC (¢)
<[A) s * 5 [B(#)

Here we use the following observation: f(x)20, g(x)=0,h(x)=0, and h(x)>f(x)—g(x) imply
[bll, [ £]l, [l . since h(x)+ g (x)= f (x) cbvicusly implies [}, + g, =[|h+ g, = £,

(14)

L*(dg)

L*(d¢ L2(dg)

since | A(¢)) . o) = Foial, [B(4)].. » =|F.[, ad |C(¢)].. o) = F. i, - theinequality of (11) with k = n . Note
first that
fr [t + 2kﬂj =f [t L 2® j +a, e’
2 z
We now introduce
£7(tk,s)=f,, [t + 2:” + 2”5j+ a e
If 0<s<1.Then
2k 2 27,
f (t+ }:j— fr(tk,s) B <la], Zj’l +.t |3 7;””1
< Supqaiha """ |an*1|B)gn
We obviously have
la ], <|F,|, fori<k<n
Since a, arethe Fourier coefficients of F, .
Therefore,
2k 4
f, (t+ /1 j— fr(tks) <&]FRl, (15)
n B

Takingthe L* norm with respect toall the variables t, k € {0,1,..., 4, ,} and S €[0,1], we obtain
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f, [t+ ZKHJ
A,

2

N

1
£ (tk,s)|dsdt}?| <, |F,[, @9

1
&

n L2(dt) n k=0
But
14 -1 AL G
.[i fr (t,k,s)‘2 ds == ij {H 2kz | 2”Sj+aﬂe""t ds
0 An k=0 An k=00 An An
l 2z ) 2
ZZ_I fnfl(t+0)+ane”“t‘ do
T
l 27 ) 2
:ZI fn71(0)+ane""t‘ do (17)
0
Then (16) yields
l 27 21 ) 2 2
f (b)) - f . (0)+ae™| dodty |<e |f, 18
(0, {(ZH)ZH (6)+a,e™| } Il @®)
Which is the required estimate
Theorem (1.7) [3]:

Suppose that B is a Banach space. If the B —valued Littlewood-Paley theorem (4) holds for some 1< p, <co and where
D, =S, — S, and {S, } isanapproximation to the identity, then B  is isomorphic to a Hilbert space.

Proof:

First observe that if (4) holds for some 1 < p, < oo, then (4) holds for all 1 < p < co . We define the operator T on L';" (R”) by

T(f)={D,(f )}keZ . The fact that (4) holds for means that is a bounded operator from L7 (R”) to Lf‘;B (R”) where

< o0

L'i"% (R”) =1{(f(x)),_,:

{;‘ fi (X)‘ZB };

Itis easy tocheck that T is a vector-valued Calderon-Zygmund operator.
Here we say that an operator T is a vector-valued Calderion. Zygmuand operator if T is a continuous linear operator from
L2 (R”) to LFL’% (R”) for some 1< p, < oo with the kemel k (x, y) mapping R" x R" to the pace of all bounded operators

fom B to L and satisfy the following conditions: for some e >0 , there is a constant C >0 such that

[k(xy)[<Clx=y["  wx,yeR" withx=y forall|y— y’|§%|x—y|,

(19)
Hk(x, y)—k(x’—y)” <Clx=xT |x- y|7("+€) forall |x— X/ £%|x— yl, (20)
IK(x, y) - K(X, y||§C|x—x’|E|x—y|7(””), forall |x —x’|§%|x -y, 1)

By the Calderion-Zygmund real-variable theory, T also is bounded from L} (R”) ol (R”) forall 1< p< .
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Let y/,qbeS(R”) with Supp&c{éeR”:%SMSZ}, \tp(g)\zwo if §s|5|g§, and

o( x)‘2 > > 0. Suppose that we accept the B —valued Littlewood-Paley theorem

suppg = {& e R":|¢] <1}, SUP,.(0.2¢]
in (4) for some 1< p, < oo and {D, } where D, =S, =S, , and {S, } is an approximation to the identity. By Theorem (1.4)
and the first observation above, we may assume the following inequalities hold:

el fllg <Xl flls <Cll, @

where the constants ¢ and C are independent of f .
Now consider the function f (x) = f, (x)@(x)= [ale“1X +...+ane”““x]¢(x) where A, =3% for 1< j<n.Then (22)
implies

n 2
;HajHB i ” fn”i@[o,zn]

We now apply Theorem (1.6) and obtain

2 i0) i0, ||
If. 2] 0 Hale reraet|,
Now we have
i0, i, ||? 1 2
Haie- Chetaet 0 52”81814-...4-8”&””8

Where the series is extended over all sequences & = (gl, ...,gk) with &, being independent Bernoulli random variables, that is,
g =tlforl<k<n.
Thisshowsthatforany n >1 and a,,a,,...,a, € B, there exist constants and such that

n 1 n
X lajf, <5 2llea -+ el <Yl
i=t j=1

which implies that B is isomorphic to a Hilbert space, and hence, Theorem (1.7) is proved.

Results and Discussion
Our main results is collary (1.5) which is a deduction of theorem (1.4) and depends on its main assumption : the set {Sk} IS an

approximation to the identity .

Conclusion and Recommendations
Does theorem (1.4) holdsfor1 < p < o ?
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