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Abstract

This paper discusses the method of structural reliability analysis based on Monte Carlo simulation by applying
the Bootstrap technique. The application of Monte Carlo method requires sample generation of random variables
corresponding to strength characteristics and load of structural system for calculating the limit state equation. In
this particular case, the probability distributions of some random variables involved are unknown. Therefore, the
generation of random samples of distributions, in which Monte Carlo method is based on becomes infeasible.
Thus, it was applied the Bootstrap technique in order to estimate the real sampling distribution of the statistical
failure probability. By the Bootstrap distribution, it was estimated the failure probability by point and interval.
The study has been applied in two real runs of equipment known as PIG Palito used in pipeline transportation of
oil, gas and derivatives. It was obtained as a result, the failure probability pf, in each run as well as the
corresponding confidence interval percentile Bootstrap.

Keywords: Structural Reliability, Monte Carlo Method, Bootstrap, Failure Probability, Confidence Interval
Bootstrap

1. Introduction

The high technology required for extracting oil from deep-water rig in Brazil is largely dominated today and most
of its oil production comes from fields located in this region. After the extraction of oil and gas, products are
transported to the refinery oil plants and this task is performed mainly through pipelines. This operation is
exposed to accidents related to landslides, rock fall, vandalism, interference of others and corrosion, among other
things. Accidents can cause leaks as well as environment and socio-economic damages. Corrosion is a major
cause of failures upon the pipeline network. Therefore, the transport of oil and gas through pipelines requires
continuous monitoring and it can be done by means of instrumented inspections. Most existing monitoring
methods do not consider the uncertainties associated with the variables involved in a problem of defect caused by
corrosion in pipelines, such as the dimensions of the defect, geometrical characteristics of the pipeline and
mechanical properties of the material. By not evaluating the uncertainty associated with variables, it is ignored the
probability of a certain configuration of these variables bring on a fault condition in the duct. Structural reliability
intends to determine the probability of a failure situation.

This paper aims to apply the Monte Carlo technique associated with the computationally intensive method known
as Bootstrap to assess the failure probability, pf, and its confidence interval. The techniques were applied in
pipelines subject to corrosion and the records obtained in two monitoring inspections which were run with an
equipment called PIG Palito, were analyzed.
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2. Introduction to Analysis of Structural Reliability

2.1 Basics Concepts

Structural Reliability is a set of techniques that allow the evaluation of the uncertainty present in a structural
system. It is well-known that every Engineering project depends on technical characteristics that are random
variables. Additionally, in the project design some decisions can be made on a condition of uncertainty.
Wherefore, there is a chance that the project does not perform as expected or simply fail. Freudenthal (1947)
states that to an engineering system that is subject to these conditions of uncertainty there is no guarantee of
absolute safety then for this reason a risk is inevitable.

When it comes to a structure, safety depends on the strength of its components and the maximum load that the
system is subject throughout its lifetime. Maximum load and strength are sometimes difficult to predict
accurately, so that complete security can only be ensured in terms of probability. Hence, reliability can be defined
as the probability measure of the performance guarantee, that is, the security performance can realistically be
established only in terms of probability.

Probabilistic structural analysis is defined by Ditlevsen and Madsen (1996) as the art of formulating a
mathematical model in which it can be proposed and also answered the following problem. "What is the
probability that a structure behave in a specific manner, since some properties of materials or yet their geometrical
dimensions are not completely known or even are from random nature?”

Structural reliability can be applied in calibration of the design codes, reanalysis of the existing structures,
planning, inspection plans, and safety assessment of the new structural concepts as well as in the choice of design
alternatives. The design norms often indicate load and strength partial factors that are defined based on the
experience of professionals involved in the structural projects. Currently, there is a possibility from the use of
structural reliability in calibration of safety factors with scientific basis, in addition to professional experience.
This can be done from the definition of a level considered acceptable for the failure probability.

The structural reliability is considered a very important technique in engineering. However, it has to be warned
that this depends on the quality of statistical data related to the problem and also of the precision of the
mathematical modeling of the limit state function. Thus, to assess the reliability of system, initially it is necessary
to define the random variables R = strength and S = load. Furthermore, the probability of the event (R> S)
represented by P(R > S) corresponds to the realistic reliability of the system. The probability of the
complementary event P(R < S) is the measure of non-reliability of the system.

Assuming that the probability distributions Fg(r) or fz(r) and Fs(s) or fs(s) and the limit state function g(X) are
known it is possible to calculate the failure probability, pf, by:

P =[, (X)dx =P[g(X) < 0.0] (1)

With X being the vector composed by related variables to strength and load, F the area of failure and f, (X) the

joint p.d.f. associated with the vector X. Thus, the reliability of the system C can be defined as the complement of
the failure probability, ps, namely,

C=1-ps 2
2.2 Analysis Methods of Structural Reliability

Real problems can present non-Gaussian variables and limit state function, g(X), complex. Thereafter, the
numerical calculation of the equation p; =[_f, (X)dx may be difficult to obtain. Thus, alternative methods are
used to obtain the probability of failure, pr. These methods are the analytic and Monte Carlo simulation. The
analytic methods are the FOSM (First Order and Second Moment Reliability Method), the FORM (First Order

Reliability Method) and SORM (Second Order Reliability Method). These methods are all well known in the
literature and are well described in Ditlevsen and Madsen (1996) moreover Melchers (1987).

Monte Carlo simulation method is a process of repeated generation of pseudo deterministic solutions.
Consequently, each solution corresponds to a set of values from the random variables generated. Therefore, in
Monte Carlo simulation is processed the generation of random values of the specific probability distributions
(Gaussian, lognormal, etc.).
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The application of Monte Carlo simulation method for determining the probability of failure requires the
generation of sample values of the structural variables involved in the limit state equation g(X) = g(Xz, Xz, ..... ,
Xp) = 0, that is, observations of the random vector X’ = [Xy, X,, ..... , Xp] where the components are random
characteristics of structural elements.

2.3 Bootstrap

Statistical Science is based on the recognition of uncertainty existence in almost all phenomena natural or caused
by human activity. This science incorporates concepts such as probability models, likelihood, variance, standard
errors and confidence intervals, among others that are used to build up techniques to assess the uncertainty of
estimates of population parameters. Bootstrap concept is the following: “Bootstrap is a non-parametric statistical
technique, computationally intensive, which allows assessment of the variability of a statistic T,(x) based on data
from single original sample existing of size n, x> =[xy, X, .... , Xn]. Choosing from the original sample X, with
replacement, B “samples Bootstrap” with same size n XI : x; Vs X; and calculating the statistic in question for
each of B Bootstrap samples”.

Bradley Efron in 1979, Efron (1979), introduced this technique to the scientific community. Since that time
several theoretical and applied studies have been conducted in the area of statistics. Applications in other areas are
also being developed, such as Picheny et al. (2010) who apply the method in the conservative estimation of
reliability with limited samples. Pedroni et al. (2010) makes a comparison of Artificial Neural Networks with
application of Bootstrap and Quadratic Response Surface for estimating the probability of functional failure and
Kijewski et al. (2002) that implemented the Bootstrap on a reliability problem of a class of identification systems
related to structural damping.

The technique application consist to do re-sampling with replacement from the original sample in order to obtain
a very large number of Bootstrap samples, B. Together with these Bootstrap samples, which are known as pseudo
data it is calculated the statistic of interest for each Bootstrap sample. The result is the set formed by the Bootstrap

values of the statistic, namely {Tf (5:) i=12, ... , B}. This set of values is called Bootstrap distribution of the
statistic T,(X).

It is the 6 parameter and its estimator T,(x, F), taking into account that the distribution of T(x, F) is unknown and
assuming that X’ = [xy, X, .... ,Xn] is @ random sample of size n available from random variable with unknown
distribution function F. Thus, X;is independent with distribution F and there is still the following information:

e The nonparametric maximum likelihood estimator of F is:
A 1n
F.(X)==2I1(X, £x) (3)
ni-1
where 1(X; <x) is the indicator function that is 1 if X < 1 and 0 in a contrary case. Then, this empirical
distribution is constructed by placing probability mass, 1/ n, in each of the n sample points;
o It is taken a very large number, B, of the Bootstrap sample of equal size n of the distribution function,

namely:
{X; =Xy, Xigs s X5 ], 1=1,2, ..., B} (4)
e Itis calculated the B Bootstrap statistics, that is, {TT (5:) i=12, ... , B}and it is obtained the Bootstrap
estimation of the parameter 0 and the variance of the 6 estimator, T(x, F), using:
* 1 B *
T ==>T(X; 5
L= 52T ©)
1 B * * *
s*?= — [T (x;)-T.T 6
B—llgl[ I(_I) I’]] ( )
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Then, {Tf (5:) i=12, ... , B} is a simulation of the real statistical sample distribution of T,(x F) that produces a

new parameter estimator and its variance. Along with the available set {Ti* (5?) i=1,2,...., B} beyond of the
Bootstrap standard error of T,(x, F) it is possible to obtain a measure of bias using:

Tn(x’ F) - T; (7)

The Bootstrap distribution of T,(x, F) is obtained using the method of Monte Carlo simulation with a number of
replicates B. Bootstrap is by its nature, a product of the current stage of development of electronic computing
data. In the 40s, 50s, 60s and even early 70s it would be unimaginable that if it was taken a sample of size n = 30
from a random variable, [X1, X,, ..., X,], it would be possible to build up B = 10,000 Bootstrap random samples of

size n, that is, X, , X5, ... , X5, Where X, = [X,, X;p, ., X, ] i=1,2, ..., B, and finally if it was calculated B

times the statistical T,(x) obtaining Tf (5:) i=12, ... , B. This set of estimates corresponds to the Bootstrap
statistic distribution of T (X).

The histogram of these TT (5:) values is a kind of picture of the true distribution of the statistic T,(x), which is

unknown. An example is shown in Figure 1 for the statistical index of reIiabiIityB that has the punctual value B =
5.01.For this index value corresponds a failure probability p; = 0.000003, namely, three chances in 1,000,000. It
was used B = 10,000 Bootstrap statistic values [3 , that is, the set of values {ﬁf i=1,2,...,10.000}, and based

on this set it is possible to evaluate the variability of the statistical by the Bootstrap standard error, s*, and build

up a Bootstrap confidence interval for the true parameterf. The Figure 2 shows the construction algorithm of the
Bootstrap distribution of the statistic T,(X, F).

Figure 1 - Histogram of the reliability index 3
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Figure 2: Flowchart of the Construction Algorithm of the Bootstrap Distribution of the Statistic T,(x, F)
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As the Bootstrap was being developed, Bootstrap confidence intervals were created. The following describes
these intervals.

A) Confidence Interval ""Basic Bootstrap™.

The original sample X’ = [x; X, ... X,] provided the estimate t of the parameter 6 which was obtained using the
estimator T,(x) whose probability distribution is unknown. Then, considering the empirical distribution IA:n (t) to
Ta(X) and applying the Bootstrap technique in the original sample B times the result is the set of Bootstrap
estimates of 0, [tI , tz ) e t; ]. Sorting this set in an increasing way you have [tzl) : tzz) L tzB)] and taking into

account the difference (t g,1y4/2) - ) € (t - t(g.1y10r2 - t) the basic interval of level 1 - ais given by:

[2t-t gy 7 2t~ teiyiary] (8)

where t:Bﬂ)(a 12y Is the Bootstrap estimation of 6, such that (B + 1)(c/2) is an approximate integer order number

which is greater than (a/2)% from the terms of ordered set and similarly (B + 1)(1 - o/2) is another
approximated integer which is greater than a (1 - a/2)% of the ordered set of terms.

B) Confidence Interval **Studentized Bootstrap.

The original sample X’ = [x; X, ... X,] provided the estimate of the parameter 6 obtained using the estimator T,(x)
whose probability distribution is unknown.
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Therefore, considering the empirical distribution IA:n (t) to T,(x) and applying the Bootstrap technique in the

original sample B times it is obtained the set [t, , t,, .... , t; ] and the Bootstrap statistics:
. 18

Bootstrap estimate ofo: t, = E Zt 9)

i=1

Bootstrap standard error of T,(x): \/—Z[t (x ) t]’ (10)
s ) . - T-6 .

Therefore, with this greatness, the pivot estimate is built up z = —— given by: (11)

c
t -t
zx= 10 - (12)
S
In addition, the Bootstrap Studentized interval is:
[t- Z:B+l)(a/2) s i t-z :B+l)(l—a/2) s] (13)

Being that the B estimates Bootstrap zf i=1,2,...., B are ordered.

C) Confidence Interval ""Bootstrap Percentile"

The percentile interval is built considering the ordered values of Bootstrap estimates and taking to limits the
values corresponding to positions (B+1)(a/2) and (B+1)(1-a/2) for a confidence level of 1 - a.. Thus, there is:

[t eayarzy  teayiarn)] (14)

Simulations have shown that from the three intervals addressed, the more accurate is the "Studentized Bootstrap".
For this paper it was applied the percentile method to construct the confidence interval for the reliability index
and the failure probability ps.

2.4 Evaluation of Defects in Pipelines

Inspection and maintenance manual of pipelines, such as the PDAM manual (Pipeline Defect Assessment Manual
- PDAM) recommends several methods for evaluation of pipelines in correspondence to various types of defects.
The defects are considered along the pipeline and also about its circumference. Basically the methods work with
the prediction of strength to a pipeline rupture defective and subject to internal pressure.

The inspection of pipelines is made by equipment called PIG - Pipeline Inspection Gauge. The work performed
by this instrument is to check for irregularities (anomalies) in the pipeline tubing, such as parts of wrinkled
internal surface, corrosion and also concave or convex ovalities. PIG also makes inspections at predetermined
points with sensors of ultrasound or magnetic type. Generally the PIGs are nondestructive inspections of
pipelines. PIG is a solid, rigid or flexible device that is inserted into the duct and moves with the flow of the
transported fluid (oil, derivatives, or gas) to make the cleaning service and the inspection of potential
discontinuities.

The basic technologies used to instrument the PIGs are MFL, or better, Magnetic Flux Leakage and another by
Ultrasound. So there are MFL Magnetic Flux Leakage PIG and the Ultrasonic PIG. In the operation of an
instrumented PIG with MFL technology, in a first phase a magnetization of the duct wall is done and in the next
step is performed a measurement of the magnetic field upon the magnetized surface. In the case of irregularities
on the duct wall, this is identified by the leakage of magnetic field captured by sensors. Leakage of magnetic field
is seen as a loss of metal from the tube wall, that is, on the magnetized wall there is a corrosion causing a thinning
of the pipe.

The ultrasound technology is based on the emission of high frequency waves against the wall of the duct and the
capture echo caused by the wave. Instrumentation records the time of the wave departure and the returning of the
echo.
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When the departure of the wave and the returning of the echo are in different times there has been evidence of
irregularities in the pipe that might be corrosion. This technology is not subject to the thickness of the duct wall
and can be placed in smaller equipment for inspection of pipelines with diameters from medium to small. This
makes Ultrasonic PIG more advantageous over the MFL PIG. However, PIG Ultrasonic requires that the internal
walls of the duct are cleaned thoroughly, that is, they have to be free from paraffin layer and other deposits
derived from the transported fluid. This condition requires that the fluid flow has to be homogeneous in order to
avoid deposits of various materials, particularly sand.

2.5 Strength Evaluation of Pipelines

Strength evaluation of pipelines is very well described by the following authors: Squarcio (2009), Lamb (2009),
Vanhazebrouck (2008) and Cabral (2007). This assessment, when the ducts are subject to corrosion, is made with
the application of continuum mechanics concepts and the incorporation of empirical results. Thus, we obtain
analytical results that allow the estimation of burst pressure of pipes subject to corrosion defect.

Physical characteristics of a duct are shown in Figure 3 which is classical in the studies about pipelines strength
carried out by, Cabral (2007), Choi (2003), Ahammed (1996, 1997 and 1998), Vanhazebrouck (2008) and
Squarcio, (2009). In assessing the strength, the duct subject to corrosion has dimensions L x C x t.

Figure 3 — Pipeline’s Measures Subjected to Corrosion
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Source: Choi et al. (2003)
Figure 3 shows the following measures:

* D is the external diameter of pipeline;

* L is the length of corrosion in the pipeline;
* t is the thickness of the pipeline wall;

* d is the depth of corrosion;

* C is the width of corrosion.

The Figure 4, classic upon the cited works shows a cross section of the irregularity due to a corrosion of length L,
width ¢ and depth d.

Figure 4 —Cross Section of the Irregularity Corrosion
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Source: Ahammed& Melchers (1996)
Figure 4 shows the following measures:

* L is the length of corrosion in the pipeline;
* t is the thickness of the pipeline wall;
* d is the depth of corrosion.
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Thus, in corrosion occurrence, the wall of the duct is damaged by either breakage or material wear, furthermore
by loss of the metal that composes it. Ahammed and Melchers (1996) also state that when the wall thickness is
small compared to the diameter of the duct and the density of the transported fluid is low relative to its pressure,
the relationship between the circumferential tension expected to the level of corrosion s, and the expected
pressure of the fluid, Pp, is given by:

25t
Py = o (15)
Then, performing the simple replacement s, for its own expression namely:
4
=M — =) (16)
tM
4
. _ t t
thereis P, = 2s; D j) (17)
tM

M is the Folias factor, and it is well known that the yield strength of the material, s;, depends on the limit strength,
sy, by the relation:

St = msy (18)

With s, being the strength limit of the material and m; a factor that for steel pipelines varies between 1.10 and
1.15. Further details of this variation are well described in Hopkins et al. (1992).

The application of the methods of structural reliability in pipelines depends on the definition of the limit state
function. This function specifies the boundary between security and system engineering failure. In the case of
pipelines, the limit state function can be specified by:

Z=P,—P, (19)

where Py, given by expression (17), corresponds to the pressure that the pipeline can withstand and P, is the
pressure that the fluid exerts on the walls of the duct.

3. Materials and Methods

3.1 Material: Real Data of two PIG runs

Real records of two PIG Palito runs in ducts of an oil company were used in this article. One of the runs refers to
an extension corresponding to a safety position, that is, there was not a need for maintenance. The data
corresponding to this situation form the set 1. The other run refers to an extension of the same length and which
has already received maintenance whose data form the set 2.

Information obtained refers to occurrences of corrosion identified by loss of the pipe depth. It is important to
record that these observations do not follow the distributions specified by Ahammed and Melchers (1996) in some
of the variables, such as the outer diameter (D), multiplicative factor m; and the yield strength from material s,.

3.2 Methodology

In the problem studied there has been available n = 14 observations of the random vector [d, D, L, M, P, sy, t] for
each one of the sets. Nevertheless, as some of the variables do not follow the probability distributions specified by
Ahammed and Melchers (1996) and consequently there is no way to build them to run Monte Carlo method, we
applied the Bootstrap technique. It should be noted that the use of this technique is independent from the
probability distributions of the variables involved, because the Bootstrap estimates the true distribution from the
data, without any priori assumption.

The parameters used to implement these techniques were as follows: 10,000 Bootstrap iterations (NBS = 10,000)
and 100,000 Monte Carlo iterations (NMC = 100,000).
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Operationally the process involved the following steps:

1) At first there is the original sample size n = 14, [X;, Xa, ... , X14] With the records of corrosion, that is, 14
observations from the vector [d, D, L, m;, P,, sy, t]. Variables that compose the vector are: depth of the defect
d; duct diameter D; length of the defect L; multiplication factor my; fluid pressure applied to the duct P;
yield strength s, and thickness of the duct wall t; and the equation of limit state Z = P, - P, with the pressure
strength of the pipe given by:

_t
P, = 2mS, — L8 (20)

with M being the Folias factor calculated by:

2 2

M = (1+0.6275 L 0.003375p;) p/L—§ 50
Dt Dt

(21)
L? L2
M=0.032— +3.3 p/ — > 50.
Dt Dt
2) In the first iteration Monte Carlo, i = 1, it is taken the first Bootstrap sample from the
original [X;, X5, ... , X;,], then it is estimated the Bootstrap statistics P,; and compares it to the P}, value in

the equation Z = P, — P,. It has to be registered the occurrence of failure or security with the values of the
variable indicator | = 1 in the occurrence of failure or | = 0 in the security for each Bootstrap observation k =

1,2. .. , 14. Thus, it has to be estimated the probability of failure for the first sample Bootstrap, pflz, from
first Monte Carlo iteration considering:

{ 1, failure occurred in the k-th observation
| =
K

0, occurrence of success in the k-th observation

14

. _ (failure ocurred in 1 Bootstrap Sample) kzﬂ: :
Py = = (22)
14 14
3) It is estimated the failure probability for each sample Bootstrap j, pfl’; =12, .. , NBS in the 1% Monte

Carlo iteration:

14
2N

Yo kel 23
pflj 14 ( )
4) Repeatsteps2and 3forj=1, 2, ..... , NBS, always calculating the failure probability pfa and obtaining the

failure probability in Monte Carlo iterationi,i=1, 2, ..... , NMC by:

NBS .
z P ij
* _ j:l
.= 24
pfl NBS ( )

5) Finally, it is estimated the failure probability for all NMC Monte Carlo iterations, the standard error and a
confidence interval for the estimated parameter respectively by the expressions (25), (26) e (27):

NMC
> Py
— i=1

S = 25
P¢ NMC (25)
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1 NC
s* = NMC —1 E [Psi —ps] (26)
[p:(B+l)(a/2) ; p:(B+l)(1—oc/2)] (27)

Bootstrap failure probability valuespf*i , form the Bootstrap distribution of that statistic. Results obtained by the
software are shown in Table 1 in the results section.
4. Results

4.1 Results for Real Data Set 1

Data entry was done using EXCEL file and on the initial screen it was considered 14 observations (sample n =
14), 10,000 iterations Bootstrap (NBS = 10,000), 100,000 Monte Carlo iterations (NMC = 100,000). Results
provided by the software are shown in Table 1.

Table 1 — Results of Analysis by Monte Carlo and Bootstrap - Set 1

* * * *
Py S P o025 Poers

0.000000000000000 0 0 0

It has been observed that the numbers show the situation of complete security. There has been no failure in
100,000 Monte Carlo replications. This fact expresses no need for close maintenance. The correspondent
histogram to Bootstrap values of pf obtained is shown in Figure 5.

Figure 5 - Histogram of Values Obtained For Bootstrap ps -Set 1
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4.2 Results for Real Data Set 2

Data entry was performed using EXCEL file on the initial screen and there were considered 14 observations
(sample n = 14), 10,000 iterations Bootstrap (NBS = 10,000), 100,000 Monte Carlo iterations (NMC = 100,000).
Results obtained by the software are shown in Table 2.

Table 2 - Analysis Results by Monte Carlo and Bootstrap - Set 2

* * * *
Py S P o025 Pog7s

0,55250 0,00221508 0,54816 0,55684

Analyzing the results in Table 2, it is possible to observe an estimated failure probability of 55.25% and the
confidence interval of 95% level for the true failure probability is [54.816%; 55.684%], that is, P(54,816% < p<
55,684%) = 95%. In practical terms, the results found are relevant for a better planning of maintenance of such
pipelines. Histogram shown in Figure 6 corresponds to the Bootstrap values of pf obtained.

Figure 6 - Histogram of Bootstrap Values Obtained for ps Set 2
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5. Conclusion

Application of structural reliability in pipelines and the use of Monte Carlo method associated with the Bootstrap,
by the simplicity and the fact that the calculation does not depend on assumptions about the nature of the
probability distributions of the variables involved, it has shown reasonable results. It was obtained the parameter
evaluation by point and interval as well, since there has been measured the statistical variability. Monte Carlo
method, associated with Bootstrap was applied in two runs of the PIG; one was known as a safe situation and
therefore with diminished probability of failure. It was known that the other had gotten maintenance, however
there was not a measure of its probability of failure. Results of applying the methods were consistent with this
information. It is important to emphasize that the real data of the two runs available did not verify the distribution
of specified probability for some of the variables. In this situation, the application of Bootstrap enabled the use of
Monte Carlo method.
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