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1. Introduction 
 

Here we extend the learning estimates of the modulus of some complex integrals. Inequalities which are obtained 

are below the modulus of some integrals in the complex plane. Our proof here is completely different from the 

proof in [8]. Now we use a division between polynomials. Theorem5 is new. It is relevant to the case n=4. The 
general case is unknown. 
 

The integral function is a polynomial 𝑓 𝑥 = 𝑥(𝑥 + 𝑎1)(𝑥 + 𝑎2) … (𝑥 + 𝑎𝑛), where 𝑎𝑘 ≥ 0. The general 
conjecture are the inequalities  

  𝑥   𝑥 + 𝑎𝑘 𝑑𝑥

𝑛

𝑘=1

𝑒 𝑖𝜑

0

  ≥
1

𝑛 + 2
   , 

 

which are proved for  𝑛 = 1,2,3,4,5,  𝑎𝑘 ≥ 0, 𝑎𝑘 ∈ ℝ. We can see the results of Theorem1 in [8-9].  Such ones of 
Theorem2 and Theorem3 could be seen in [10]. We present the proof of Theorem4, because of better 
understanding of Theorem5. Here in Theorem5 we consider the condition   0 ≤  𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑 ≤ 1. But 
according to general conjecture we can replace this condition to the condition 0 ≤  𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑. 
 

These results could be applied to many areas of mathematics. Especially in the complex analysis and algebra: In 

these areas of mathematics, inequalities of integrals are very important part. For example, we could be applied to 
these results for some localization of the zeros of some entire functions or some polynomials, like [1]- [4]. These 

results could be applied to many geometric surfaces like [5]-[7]. 
 

2. Related Results 
 

Theorem1: Let 𝑘 = 1,2, …𝑛, 𝑛 ∈ ℕ, 𝑎𝑘 , 𝜑 ∈ ℝ, 𝑎𝑘 ∈ [0,1] 𝜑 ∈ [0,
𝜋

2
]. Then the function  

  𝑥   𝑥 + 𝑎𝑘 𝑑𝑥

𝑛

𝑘=1

𝑒 𝑖𝜑

0

  ≥
1

𝑛 + 2
  for 𝑛 = 1,2,3. 

 

Theorem2: Let 𝑛 ∈ ℕ, 𝑎 ∈ ℝ, 𝑎 ≥ 0. The the function  

   𝑥 + 𝑎 𝑛  𝑑𝑥

𝑒 𝑖𝜑

0

 ≥
1

𝑛 + 1
 , whire 𝜑 ∈  0,

𝜋

2
 . 
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Theorem 3: Let 𝑛 ∈ ℕ, 𝑎 ∈ ℝ, 𝑎 ∈ [0,1].  Then the function  

  𝑥 𝑥 + 𝑎 𝑛𝑑𝑥

𝑖

0

  ≥
1

𝑛 + 2
. 

We formulate Theorem1 for the case n=3 separately as Theorem4: 

 

Therem4. Let 𝑎, 𝑏, 𝑐, 𝜑𝜖ℝ, 0 ≤  𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 1, 𝜑 ∈  0,
𝜋

2
 . Then the function   𝑥 𝑥 + 𝑎 (𝑥 + 𝑏)(𝑥 +

𝑒 𝑖𝜑

0

𝑐)𝑑𝑥≥15. 

Proof: Let us put 𝐵 =  𝑥 𝑥 + 𝑎  𝑥 + 𝑏 (𝑥 + 𝑐)𝑑𝑥
𝑒 𝑖𝜑

0
, 𝑧 = 𝑒𝑖𝜑 . 

Then we obtain 

5𝐵 = 5  𝑥 𝑥 + 𝑎  𝑥 + 𝑏  𝑥 + 𝑐 𝑑𝑥

𝑧

0

= 

= 5  𝑥(𝑥2 + 𝜎1𝑥 + 𝜎2)(𝑥 + 𝑐)𝑑𝑥 =

𝑧

0

 

= 5   𝑥4 + (𝜎1 + 𝑐)𝑥3 + (𝜎2 + 𝑐𝜎1)𝑥2 + 𝑐𝜎2𝑥 𝑑𝑥 =

𝑧

0

 

 = (𝑥5 +
5

4
 𝜎1 + 𝑐 𝑥4 +

5

3
(𝜎2 + 𝑐𝜎1)𝑥3 +

5

2
𝑐𝜎2𝑥

2) 
0

𝑧

= 

= 𝑧5 +
5

4
 𝜎1 + 𝑐 𝑧4 +

5

3
(𝜎2 + 𝑐𝜎1)𝑧3 +

5

2
𝑐𝜎2𝑧

2 = ℎ 𝑧 . 

Here we have put 𝜎1 = 𝑎 + 𝑏 , 𝜎2 = 𝑎𝑏 . 
But according to the proof of Theorem3  

4𝐴 = 4  𝑥 𝑥 + 𝑎  𝑥 + 𝑏 𝑑𝑥

𝑧

0

= 

= 4  (𝑥3 + 𝜎1𝑥
2 + 𝜎2𝑥)𝑑𝑥 =

𝑧

0

 

= 𝑧4 +
4

3
𝜎1𝑧

3 + 2𝜎2𝑧
2 = 𝑓(𝑧). 

Let us divide ℎ 𝑧  to 𝑓(𝑧): 

 

𝑧5 +
5

4
 𝜎1 + 𝑐 𝑧4 +

5

3
(𝜎2 + 𝑐𝜎1)𝑧3 +

5

2
𝑐𝜎2𝑧

2 𝑧4 +
4

3
𝜎1𝑧

3 + 2𝜎2𝑧
2 

− 

𝑧5 +
4

3
𝜎1𝑧

4 + 2𝜎2𝑧
3 𝑧 +  

5

4
𝑐 −

𝜎1

12
  

 
5

4
𝑐 −

𝜎1

12
 𝑧4 +  

5

3
𝑐𝜎1 −

𝜎2

3
 𝑧3 +

5

2
𝑐𝜎2𝑧

2 
 

− 

 
5

4
𝑐 −

𝜎1

12
 𝑧4 +  

5

3
𝑐𝜎1 −

𝜎1
2

9
 𝑧3 +  

5

2
𝑐𝜎2 −

𝜎1𝜎2

6
 𝑧2 

 

 
𝜎1

2 − 3𝜎2

9
 𝑧3 +

𝜎1𝜎2 

6
𝑧2   
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Here we have put  

𝑞 𝑧 = 𝑧 +
5

4
𝑐 −

𝜎1

12
,   

𝑟 𝑧 =
𝜎1

2 − 3𝜎2

9
𝑧3 +

𝜎1𝜎2 

6
𝑧2 . 

Then we assert  ℎ 𝑧 = 𝑓 𝑧 . 𝑞 𝑧 + 𝑟(𝑧).  

According to Theorem3, we know  𝐴 ≥
1

4
, i.e. 𝑓 𝑧  = 4 𝐴 ≥ 1 . 

5 𝐵 =  ℎ 𝑧  =  𝑓 𝑧 𝑞 𝑧 + 𝑟 𝑧  ≥  𝑓 𝑧  .  𝑞 𝑧  −  𝑟 𝑧  .  
Then we need to prove that    𝑓 𝑧  .  𝑞 𝑧  −  𝑟 𝑧  ≥ 1 . But we will prove that  

 𝑞 𝑧  ≥ 1 +  𝑟 𝑧  , which is sufficiently.  

We get: 

 𝑞 𝑧  =  𝑧 +
5

4
𝑐 −

𝜎1

12
 ≥  𝑒𝑖𝜑 +

5

4
𝑐 −

𝑐

6
 =  𝑒𝑖𝜑 +

13

12
𝑐 , 

because 0 ≤ 𝑎 ≤ 𝑏 ≤ 𝑐. 

 𝑟 𝑧  =  
𝜎1

2 − 3𝜎2

9
𝑧3 +

𝜎1𝜎2 

6
𝑧2 ≤   

 𝑎 + 𝑏 2 − 3𝑎𝑏

9
 +  

 𝑎 + 𝑏 . 𝑎𝑏

6
 ≤ 

≤  
𝑎2 + 𝑏2 − 𝑎𝑏

9
 +

𝑏3

3
≤

𝑐2

9
+

𝑐3

3
, 

because 0 ≤ 𝑎 ≤ 𝑏 ≤ 𝑐. 

 𝑞 𝑧  ≥ 1 +  𝑟 𝑧   ⟺    𝑞 𝑧  2 ≥  1 +  𝑟 𝑧   2 ≥  1 +
𝑐2

9
+

𝑐3

3
 

2

=  1 +
4

9
c2 

2

, 

because 𝑐 ∈  0,1  

 𝑞 𝑧  2 ≥  𝑒𝑖𝜑 +
13

12
𝑐 

2

≥ 1 +  
13

12
𝑐 

2

. 

We will prove that 1 +  
13

12
𝑐 

2

≥  1 +
4

9
𝑐2  

2

 . It`ll be true if 1 +
169

144
𝑐2 ≥ 1 +

8

9
𝑐2 +

16

81
𝑐4  , i.e. 

169

144
−

89𝑐2≥1681𝑐4, i.e. 41144𝑐2≥1681𝑐4, 4116 𝑐2=169𝑐4or 369≥256𝑐2. Therefore 369≥256𝑐2, i.e. 𝑞𝑧≥1+𝑟𝑧, 

which confirms 5 𝐵 ≥ 1, i.e.  

  𝑥 𝑥 + 𝑎 (𝑥 + 𝑏)(𝑥 + 𝑐)𝑑𝑥

𝑒 𝑖𝜑

0

 ≥
1

5
. 

 

3. Main Results 
 

Theorem5. Let 𝑎, 𝑏, 𝑐, 𝑑, 𝜑𝜖ℝ, 0 ≤  𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑 ≤ 1,   𝜑 ∈ [0,
𝜋

2
]. . Then the function 𝐾 𝑧 =

 𝑥 𝑥 + 𝑎  𝑥 + 𝑏  𝑥 + 𝑐  𝑥 + 𝑑 𝑑𝑥
𝑧

0
, where 𝑧 = 𝑒𝑖𝜑  satisfies the inequality  𝐾 𝑧  ≥

1

6
 

Proof:  

I. Let 𝜑 ∈ [0, 𝜑0 ], where  cos 𝜑0 = 0,36. 
 Let us calculate 

6𝐾 𝑧 = 6  𝑥 𝑥 + 𝑎  𝑥 + 𝑏  𝑥 + 𝑐  𝑥 + 𝑑 𝑑𝑥

𝑧

0

= 6  (𝑥4 + 𝜎1𝑥
3 + 𝜎2𝑥

2 + 𝜎3𝑥) 𝑥 + 𝑑 𝑑𝑥 =

𝑧

0

 

= 6   

𝑧

0

 𝑥5 + (𝜎1 + 𝑑)𝑥4 + (𝜎2 + 𝑑𝜎1)𝑥3 + (𝜎3 + 𝑑𝜎2)𝑥2 + 𝑑𝜎3𝑥 𝑑𝑥 = 

 =  𝑥6 +
6

5
 𝜎1 + 𝑑 𝑥5 +

6

4
(𝜎2 + 𝑑𝜎1)𝑥4 +

6

3
 𝜎3 + 𝑑𝜎2 𝑥

3 +
6

2
𝑑𝜎3𝑥

2  
0

𝑧

= 

= 𝑧6 +
6

5
 𝜎1 + 𝑑 𝑧5 +

3

2
(𝜎2 + 𝑑𝜎1)𝑧4 + 2(𝜎3 + 𝑑𝜎2)𝑧3 + 3𝑑𝜎3𝑧

2. 
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Here we put 𝜎1 = 𝑎 + 𝑏 + 𝑐 , 𝜎2 = 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎, 𝜎3 = 𝑎𝑏𝑐. But according to the proof of Theorem4 

5𝐵 = 5  𝑥 𝑥 + 𝑎  𝑥 + 𝑏  𝑥 + 𝑐 𝑑𝑥

𝑧

0

= 5   𝑥4 + 𝜎1𝑥
3 + 𝜎2𝑥

2 + 𝜎3𝑥 𝑑𝑥 =

𝑧

0

 

= 𝑧5 +
5

4
𝜎1𝑧

4 +
5

3
𝜎2𝑧

3 +
5

2
𝜎3𝑧

2 = ℎ 𝑧 . 

Let us divide the polynomial 𝟔𝐊 𝐳  to the polynomial 𝐟 𝐳 : 
 

 
𝑧5 +

5

4
𝜎1𝑧

4 +
5

3
𝜎2𝑧

3 +
5

2
𝜎3𝑧

2  

 

𝑧6 +
6

5
 𝜎1 + 𝑑 𝑧5 +

3

2
(𝜎2 + 𝑑𝜎1)𝑧4 + 2(𝜎3 + 𝑑𝜎2)𝑧3 + 3𝑑𝜎3𝑧

2      𝑧 +  
6

5
𝑑 −

𝜎1

20
  

− 

𝑧6 +
5

4
𝜎1𝑧

5 +
5

3
𝜎2𝑧

4 +
5

2
𝜎3𝑧

3  
 

 
6

5
𝑑 −

𝜎1

20
 𝑧5 +  

3

2
𝑑𝜎1 −

𝜎2

6
 𝑧4 +  2𝑑𝜎2 −

𝜎3

2
 𝑧3 + 3𝑑𝜎3𝑧

2 
 

− 

 
6

5
𝑑 −

𝜎1

20
 𝑧5 +  

3

2
𝑑𝜎1 −

𝜎1
2

10
 𝑧4 +  2𝑑𝜎2 −

𝜎1𝜎2

12
 𝑧3 +  3𝑑𝜎3 −

𝜎1𝜎3

8
 𝑧2 

 

 
𝜎1

2

16
−

𝜎2

6
 𝑧4 +  

𝜎1𝜎2 

12
−

𝜎3

2
 𝑧3 +

𝜎1𝜎3

8
𝑧2  

 

 

i.e. 𝟔𝐊 𝐳 = 𝐡 𝐳 . 𝐪𝟏 𝐳 + 𝐫𝟏 𝐳 , where we have put 

𝑞1 𝑧 = 𝑧 +
6

5
𝑑 −

𝜎1

20
,   

𝐫𝟏 𝐳 = 𝐦𝐳𝟒 + 𝐧𝐳𝟑 + 𝐥𝐳𝟐, 

𝐦 =
𝛔𝟏

𝟐

𝟏𝟔
−

𝛔𝟐

𝟔
, 𝐧 =

𝛔𝟏𝛔𝟐 

𝟏𝟐
−

𝛔𝟑

𝟐
, 𝐥 =

𝛔𝟏𝛔𝟑

𝟖
. 

We obtain  
 6𝐾  𝑧  =  ℎ 𝑧 . 𝑞1 𝑧 + 𝑟1 𝑧  ≥  ℎ 𝑧  .  𝑞1 𝑧  −  𝑟1 𝑧  .  

Then we need to prove that  ℎ 𝑧  .  𝑞1 𝑧  −  𝑟1 𝑧  ≥ 1 . But according to Theorem4, we know  ℎ 𝑧  ≥
1, and therefore we will prove that  𝑞1 𝑧  ≥ 1 +  𝑟1 𝑧  , which is sufficiently. 

We get: 

 𝐪𝟏 𝐳  =  𝐳 +
𝟔

𝟓
𝐝 −

𝐚+𝐛+𝐜

𝟐𝟎
 ≥  𝐞𝐢𝛗 +

𝟐𝟏

𝟐𝟎
𝐝 ≥ =   𝐜𝐨𝐬𝝋 +

𝟐𝟏

𝟐𝟎
𝒅 

𝟐

+
𝟒𝟒𝟏

𝟒𝟎𝟎
𝒅𝟐 =  𝟏 +

𝟐𝟏

𝟏𝟎
𝒅𝐜𝐨𝐬𝝋 +

𝟒𝟒𝟏

𝟒𝟎𝟎
𝒅𝟐, 

because 𝟎 ≤ 𝐚 ≤ 𝐛 ≤ 𝐜 ≤ 𝐝. 

Obviously  

 𝐦 =  
𝛔𝟏

𝟐

𝟏𝟔
−

𝛔𝟐

𝟔
 =  

 𝐚 + 𝐛 + 𝐜  𝟐

𝟏𝟔
−

(𝐚𝐛 + 𝐛𝐜 + 𝐜𝐚)

𝟔
 ≤

𝟗𝐜𝟐

𝟏𝟔
−

𝟑𝐜𝟐

𝟔
=

𝐜𝟐

𝟏𝟔
≤

𝐝𝟐

𝟏𝟔
, 

 𝐧 =  
𝛔𝟏𝛔𝟐 

𝟏𝟐
−

𝛔𝟑

𝟐
 =  

 𝐚 + 𝐛 + 𝐜  𝐚𝐛 + 𝐛𝐜 + 𝐜𝐚 

𝟏𝟐
−

𝐚𝐛𝐜

𝟐
 ≤  

𝟑𝐜. 𝟑𝐜𝟐

𝟏𝟐
−

𝐜𝟑

𝟐
=

𝐜𝟑

𝟒
≤

𝐝𝟑

𝟒
, 

 𝐥 =  
𝛔𝟏𝛔𝟑

𝟖
 =  

 𝐚 + 𝐛 + 𝐜 𝐚𝐛𝐜

𝟖
 ≤ 

𝟑𝐜𝟒

𝟖
≤

𝟑𝐝𝟒

𝟖
, 

and therefore  

 𝐫𝟏 𝐳  =  𝐦𝐳𝟒 + 𝐧𝐳𝟑 + 𝐥𝐳𝟐 ≤   𝐦 +  𝐧 +  𝐥 ≤
𝐝𝟐

𝟏𝟔
+  

𝐝𝟑

𝟒
+

𝟑𝐝𝟒

𝟖
≤ 𝐝𝟐  

𝟏

𝟏𝟔
+

𝟏

𝟒
+

𝟑

𝟖
 =

𝟏𝟏

𝟏𝟔
𝐝𝟐. 

Here we use 𝐝 ≤ 𝟏. 

 

If 𝜑 = 𝜑0, then cos 𝜑0 = 0,36 and we need to prove that 
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 1 + 2,1.0,36𝑑 +
441

400
𝑑2 ≥  1 +

11

10
𝑑2 , 𝑖. 𝑒.  

1 + 0,756𝑑 + 1,1025𝑑2 ≥ 1 +
11

8
𝑑2 +

121

256
𝑑4. 

But  

1 + 0,756𝑑 + 1,1025𝑑2 ≥ 1 + 0,756𝑑2 + 1,1025𝑑2 = 

= 1 + 1,8585𝑑2 ≥ 1 + 1,85𝑑2 ≥ 1 +  
11

8
+

121

256
 𝑑2 ≥ 1 +

11

8
𝑑2 +

121

256
𝑑4, 

which confirms  6𝐾(𝑧) ≥ 1, i.e  𝐾(𝑧) ≥
1

6
. 

 

 

      II. Let 𝜑𝜖  𝜑0,
𝜋

2
 , where  cos 𝜑0 = 0,36. 

First, we will prove that 𝑚 ≥ 0, 𝑛 ≥ 0, 𝑙 ≥ 0. For 𝑙 it is obvious. 

𝑚 =
𝜎1

2

16
−

𝜎2

6
=

3𝜎1
2 − 8𝜎2

48
≥

3.3𝜎2 − 8𝜎2

48
=

𝜎2

48
≥ 0, 

because 𝜎1
2 ≥ 3𝜎2. 

𝑛 =
𝜎1𝜎2 − 6𝜎3

12
≥

3 𝑎𝑏𝑐
3

. 3  𝑎𝑏𝑐 2 
3

− 6𝜎3

12
=

𝜎3

4
≥ 0, 

because 𝑎 + 𝑏 + 𝑐 ≥ 3 𝑎𝑏𝑐
3

, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3  𝑎𝑏𝑐 2 .
3

 

Then we will explore  𝑟1(𝑧) : 
 𝑟1(𝑧) =  𝑚𝑧4 + 𝑛𝑧3 + 𝑙𝑧2 =  𝑧2 .  𝑚𝑧2 + 𝑛𝑧 + 𝑙 =  𝑚𝑒2𝑖𝜑 + 𝑛𝑒𝑖𝜑 + 𝑙 = 

=   𝑚 cos 2𝜑 + 𝑛 cos 𝜑 + 𝑙 2 +  𝑚 sin 2𝜑 + 𝑛 sin𝜑 2  

Since 𝜑 ∈  𝜑0,
𝜋

2
 , cos 𝜑 < 0. 

Then  or  𝑚 cos 2𝜑 + 𝑛 cos 𝜑 + 𝑙 ≤ 𝑛cos 𝜑 + 𝑙 
   or  𝑚 cos 2𝜑 + 𝑛 cos 𝜑 + 𝑙 ≤ 𝑚 cos 2 𝜑 . 
Let us consider the function  

𝑓 𝜑 =  𝑚 cos 2𝜑 + 𝑛 cos 𝜑 + 𝑙 2 +  𝑚 sin 2𝜑 + 𝑛 sin𝜑 2 = 

= 𝑚2 + 𝑛2 + 𝑙2 + 2𝑚𝑛(cos 2𝜑 . cos 𝜑 + sin 2𝜑 . sin 𝜑) + 2𝑚𝑙cos 2𝜑 + 2𝑛𝑙 cos 𝜑 =   
= 𝑚2 + 𝑛2 + 𝑙2 + 2𝑚𝑛 cos 𝜑 + 2𝑚𝑙(2 cos2 𝜑 − 1) + 2𝑛𝑙 cos 𝜑 , 𝑖. 𝑒.   

𝑓 𝜑 = 2 𝑐𝑜𝑠𝜑 𝑚𝑛 + 𝑛𝑙 + 4𝑚𝑙 𝑐𝑜𝑠2 𝜑 + 𝑚2 + 𝑛2 + 𝑙2 − 2𝑚𝑙  

Since 𝜑 ∈  𝜑0,
𝜋

2
 ,   𝑚 ≥ 0, 𝑛 ≥ 0,   𝑙 ≥ 0 we assert that 𝑓 𝜑 ≤ 𝑓 𝜑0 . 

We obtain 

𝑛 cos 𝜑0 + 𝑙 ≤
𝑑3

4
. 0,36 +

3𝑑4

8
. 

a) Let  
 𝑚 cos 2𝜑0 + 𝑛 cos 𝜑0 + 𝑙 ≤ 𝑛 cos 𝜑0 + 𝑙.  

Then  

𝑛 cos 𝜑0 + 𝑙 ≤
0,36𝑑3

4
+

3𝑑4

8
≤  0,09 +

3

8
 𝑑2 = 0,465𝑑2, 

because 𝑑 ≤ 1. 

𝑚 sin 2𝜑0 + 𝑛 sin𝜑0 ≤
𝑑2

16
. 2 sin𝜑0 cos 𝜑0 +

𝑑3

4
sin  𝜑0 ≤  

≤
𝑑2

8
. 0,94.0,36 +

𝑑3

4
. 0,94 ≤ 0,0423𝑑2 + 0,235𝑑3 ≤ 0,2773𝑑2 . 

Then we obtain 

𝑓 𝜑 = (𝑚 𝑐𝑜𝑠 2𝜑 + 𝑛 cos 𝜑+𝑙)2 +  𝑚 sin 2𝜑 + 𝑛 sin 𝜑  2 ≤  
≤  0,456𝑑2 2 +  0,2773𝑑2 2 ≤ 0,294𝑑2, 𝑖. 𝑒. 
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 𝑟1 𝑧  =  𝑓 𝜑 ≤ 0,55𝑑2. But we know  𝑞1 𝑧  ≥  1 + 1,8585𝑑2 . Therefore we obtain  

 𝑞1 𝑧  
2 ≥ 1 + 1,8585𝑑2 ≥ 1 + 1,4025𝑑2 ≥ 1 + 2.0,55𝑑2 +  0,55𝑑2 2 ≥ 1 +  𝑟1 𝑧  

2, 
which confirms the assertion ; 

b) Let  
 𝑚 cos 2𝜑0 + 𝑛 cos 𝜑0 + 𝑙 ≤ 𝑚 cos 2𝜑0  

 𝑚 cos 2𝜑0 =  𝑚 (2cos2 𝜑0 − 1) =  0,7408𝑚 ≤ 0,7408
𝑑2

16
= 0,0463𝑑2. 

Then we get 

𝑓 𝜑 = (𝑚 𝑐𝑜𝑠 2𝜑 + 𝑛 cos 𝜑+𝑙)2 +  𝑚 sin 2𝜑 + 𝑛 sin 𝜑  2 ≤  
≤  0,463𝑑2 2 +  0,2773𝑑2 2 ≤ 0,08𝑑4 , 𝑖. 𝑒. 

 𝑟1 𝑧  =  𝑓 𝜑 ≤ 0,2828𝑑2 . But we know from 2) that  𝑞1 𝑧  ≥  1 + 1,8585𝑑2 . 
 

Then we have  
 𝑞1 𝑧  

2 = 1 + 1,8585𝑑2 ≥ 1 + 0,6456𝑑2 ≥  1 + 0,2828𝑑2 2 ≥ (1 +  𝑟1 𝑧  )
2, 

which completes the proof. 
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