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Abstract

In this paper, we make some estimates below the modulus of some integrals in the complex plane using division a
polynomial into other.
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1. Introduction

Here we extend the learning estimates of the modulus of some complex integrals. Inequalities which are obtained
are below the modulus of some integrals in the complex plane. Our proof here is completely different from the
proof in [8]. Now we use a division between polynomials. Theorem5 is new. It is relevant to the case n=4. The
general case is unknown.

The integral function is a polynomial f(x) =x(x + a;)(x + ay) ...(x + a,), where a; = 0. The general
conjecture are the inequalities
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n+2

)

Ei(p n
f x H(x + ap)dx| =
0 k=1

which are proved for n = 1,2,3,4,5, a;, = 0, a;, € R. We can see the results of Theorem1 in [8-9]. Such ones of
Theorem2 and Theorem3 could be seen in [10]. We present the proof of Theorem4, because of better
understanding of Theorem5. Here in Theorem5 we consider the condition 0< a<b<c<d<1. But
according to general conjecture we can replace this condition to the condition 0 < a < b < c < d.

These results could be applied to many areas of mathematics. Especially in the complex analysis and algebra: In
these areas of mathematics, inequalities of integrals are very important part. For example, we could be applied to
these results for some localization of the zeros of some entire functions or some polynomials, like [1]- [4]. These
results could be applied to many geometric surfaces like [5]-[7].

2. Related Results

Theoreml: Letk =1,2,..n, n€N,a;, 9 € R, a, €[0,1] ¢ € 0,Z]. Then the function
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Theorem 3: Letn € N, a € R, a € [0,1]. Then the function

i

1
Tdx| = ——.
(fx(x+a) x z2—

We formulate Theorem1 for the case n=3 separately as Theorem4:

Therem4. Let a,b,c,peR, 0< a<b<c<1l¢p€E [O%] Then the function foe“p x(x +a)(x+b)(x+
c)dx=>15.

ele ,
Proof: Let us put B = fo x(x+a)(x+ b)(x + c)dx, z = e'.
Then we obtain

5B=5 f x(x+a)(x+b)(x +c)dx =
0

5

x(x? + oyx + 05)(x + c)dx =

=5 |[x* + (o1 + ©)x3 + (03 + coy)x? + copx]dx =

O— No\l\l

5 5 5 :

= (x° + 2 (o1 + x* + 2 (0, + co)x® +5copx?)| =
4 3 2 0
5 5 5

=275 +Z(01 + ¢)z* +§(02 + coy)z’ +§c0222 = h(2).

Here we haveputo; = a+b,0, = ab .
But according to the proof of Theorem3
V4

4A =4fx(x+a)(x+b)dx=
0

V4
= 4f(x3 + 01x% + 0yx)dx =
0

4
=z + 50123 + 20,2% = f(2).
Let us divide h(z) to f(2):

5 5 5 4
z° + i (o1 + 0)z* + 3 (05 + cay)z® + ECO'ZZZ zt + 50123 + 20,7%
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+ = +2 (— — —)
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Here we have put
5 01
= +—-c— —,
q(2) z2 25712
of =30, , 010, 2

r(z) =
Then we assert h(z) = f(z).q(2) + r(2).

According to Theorem3, we know |A| > i ie|f(2)| =4lAl = 1.
5|B] = |h(2)| = |f(2)q(2) + r(2)| = If (2. |1q(2)| — Ir(2)].

Then we need to prove that |f(z)].1q(z)| — [r(z)| = 1. But we will prove that
lg(z)| = 1+ |r(z)|, which is sufficiently.

We get:
|()|_ +5 0'1> i<p+5 C|_ i(p+13|
TEN= 2Tl = 1 T4 76l ¢ T2
because 0 < a < b <c.
()] = of =30, , o010, , - (a+b)?—3ab| |(a+b).ab -
r\z = 9 Z 6 Z = 9 6 =
a’>+b%*—ab +b3<cz+c3
- 9 379 3’
because0 <a <bh <c.
cz 3 4 2
412 1+ 1) & Iq(Z)|22(1+|r(Z)|)22<1 +3+?> = (1+5¢) ,
because c € [0,1]
13 13 \?
22|+ 21+ (55)
lq(2)]* = |e +5¢ =1+(e

. 13 \? 4 5\% . . 169 - 8 5 16 4 -
We will prove that 1+(EC) 2(1 +t5¢ ) AN be true if 1+mc > 1+§c T |.e.(m—
89c2>1681c4, i.e. 41144c2>1681c4, 4116 c2=169c4or 369=256c¢2. Therefore 369=>256¢2, i.e. gz=1+7rz,

which confirms 5|B| > 1, i.e.
el

1
f x(x +a)(x + b)(x + c)dx| = <
0

3. Main Results

Theorem5. Let a, b, ¢, d, peR, 0< a<hb<c<d<1, @€ [0,%]. . Then the function K(z) =

fOZ x(x + a)(x + b)(x + c)(x + d)dx, where z = % satisfies the inequality |K(z)| > %

Proof:
I. Let ¢ € [0, ¢q ], Wwhere cos ¢y = 0,36.
Let us calculate
VA z
6K(z) =6 f x(x+a)(x+b)(x+c)(x+d)dx = 6f(x4 + 013 + 0,x% + 03x) (x + d)dx =
0

0
z

= 6.[ [x° + (01 + d)x* + (0, + doy)x® + (03 + doy)x? + dosx]dx =

0
z

6 6 6 6
= [x6 + 5(01 +d)x® + Z(O'Z + doy)x* + §(cr3 + do,)x3 +§da3x2]

0
6 3
— 464 5(01 +d)z5 + (2 + doy)z* + 2(03 + doy)z3 + 3do3z>.
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Hereweputoy =a+ b+ c,0, = ab + bc + ca, a3 = abc. But according to the proof of Theorem4
zZ zZ

5B = 5fx(x +a)(x+b)(x+c)dx =5 f(x‘* + 0y x3 + 0,x% + o3x)dx =
0

0
5 5 5
=z°+ 10124 + 50223 + 50322 = h(z).
Let us divide the polynomial 6K(z) to the polynomial f(z):

5 5 5
z° +Zalz4 +§azz3 +§0322

6 3 6 o
z° + 5(01 +d)z® + 5(02 +doy)z* + 2(03 + doy)z3 + 3d o322 ‘ z+ (gd - ﬁ)

5 5 5
ZZ+ZO'125 +§O'2324 +§0'323
__ﬁ5<_ _2)4 _ 93\ 3 2
<5d 20) + 2d01 6 + (Zdaz Z)Z + 3do3z

6 01\ & 3 ot 4 0102\ 4 0103\ ,
(—d——)z +<—d01—— z +(2d02— 12 )Z +(3da3—T)z

2 10
2
91 _92) 4, (9192 _98) 3, %1% ,
<16 6>Z +H(G7 —3) 7+

i.e. 6K(z) = h(z).q4(z) + r;(z), where we have put
6 a1
(@) =z+-d——=

5 20’
r;(z) = mz* + nz3 + 122,
_ 6 0, 010, O3 0,03
M=%6 6'"" 12 2" 8
We obtain

6K (2)| = |h(2).q1(2) + 11(2)| = |h(2)].|q1(2)]| = |1 (2)].

Then we need to prove that |h(z)|.|q;(z)| — |1 (2)] = 1. But according to Theorem4, we know |h(z)| >
1, and therefore we will prove that |, (z)| = 1 + |r;(2)], which is sufficiently.

We get:

2
. 21 21 441 21 441
19 —_ = B R — 2: —_ == d2
2|e +20d|2 \/(cos<p+20d) +400d \/1+10dcos<p+400d,

_ 6 ; atb+c
9:(@)] = |z +3d -2

because0 <a<b<c<d.

Obviously

_|e% 6] |@+b+c)?* (ab+bc+ca) <9c2 3c2_c2<d2
M=l %= 16 o 1676 “16-1¢
| |_|0‘10'2 031 |@+b+c)ab+bc+ca) abcl 3c.3c? c3_c3<d3
M= 7217 12 2|12 T2 W

0103 (@a+b+c)abc|] 3c¢* 34d*
=] o | = . <5 <5
and therefore , \

4

Iry(z)| = [mz* + nz3 +122| < |m|+|n|+|l|§%+ %+%Sdz(%+%+g)=%dz

Hereweused < 1.

If @ = g, then cos ¢y = 0,36 and we need to prove that
4
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1+21036d+441d2>(1+11d2) '
,41.Y, 400 = 10 , L. e.

1+ 0,756d + 1,1025d?% > 1+11d2+121d4
’ ’ - 8 256
But
14 0,756d + 1,1025d% > 1 + 0,756d? + 1,1025d? =
=1+ 1,8585d2 > 1+ 1,85d% > 1+(11+121)d2 > 1+11d2 +121d4
Bl ’ = ’ = 8 ' 256)° = 8 256 '

which confirms |6K (2)| = 1, i.e [K(2)| > =.

Il. Let pe [goo,g], where cos ¢y = 0,36.

First, we will prove that m > 0, n > 0, [ > 0. For [ it is obvious.

o o, 30f-80, - 330, — 80y, o0y

=== = <>
=16 6 48 48 25>
because o > 30,.
010, — 603 3¥abc.33/(abc)? —60; o3
e T 12 =3 =0

because a + b + ¢ = 3¥Vabc, ab + bc + ca = 33/(abc)?.
Then we will explore |1y (2)]:
11 (2)| = |mz* + nz3 + 12%| = |2%|. Imz? + nz + 1| = |me?? + ne' +1| =
M@ = Imz* +nz* + 122] = |22]. Imz? + nz + 1] = [me® + ne'® + 1
= J/(mcos2¢ + ncos ¢ + )2 + (m sin 2¢ + nsin p)?2
Since ¢ € [(po,%], cos @ < 0.
Then or [mcos2¢ + ncose + 1| < ncos ¢ + 1
or [mcos2¢ +ncosg + 1| < m|cos2 ¢gl.
Let us consider the function
f(@) = (mcos2¢ +ncos e + 1)? + (msin2¢ + nsing)? =
=m?+n? +1? + 2mn(cos 2¢ .cos ¢ + sin 2¢ .sin ) + 2mlcos 2¢ + 2nl cos ¢ =
=m-+n°+1°+2mncose + 2mi(2cos“p — 1)+ 2nlcos g, L. e.
Z+n?+12+2 2ml(2 cos? ¢ — 1) + 2nl '
f(@) = 2cos p(mn +nl) + 4ml cos? ¢ + m? + n? + 12 — 2ml

Since ¢ € [(po,%], m=0,n=>0, [ =0 weassertthat f(¢) < f(@g).

We obtain
d3 3d*
ncos @q + 1 SZ'O'36+T'
a) Let
|mcos 2¢ +ncos @y + | <ncosgy+ L.
Then

0,36d% 3d* 3
+ e < (0,09 + §) d? = 0,465d?,

ncos@y+1<

because d < 1.
d? d3
msin2¢@g +nsingy < E.Zsin(po COoS @ +Zsin Qo =
d? d3
< §.0,94.0,36 + 7'0’94 < 0,0423d? + 0,235d3 < 0,2773d>.
Then we obtain
f(@) = (mcos2¢ +ncosp+)? + (msin2¢ + nsing )? <
< (0,456d%)% + (0,2773d?)? < 0,294d?,i.e.
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1 (2)] =f(p) <0,55d?. But we know |[q(z)|>+1+1,8585d2. Therefore we obtain
lq1(2)|> =1+ 1,8585d% > 1 + 1,4025d? > 1 + 2.0,55d? + (0,55d?)? > 1 + |, (2)|?,
which confirms the assertion ;
b) Let
|m cos 2¢¢ + ncos @y + I| < m|cos 2¢,|

d
|m cos 2¢g| = |m (2cos? ¢y — 1)| = [0,7408m| < 0'7408E = 0,0463d2.

Then we get
(@) = (mcos2¢ +ncosp+)? + (msin2¢ + nsing )? <
< (0,463d%)? + (0,2773d%)? < 0,08d*, i.e.

1 (2)] = /f (@) < 0,2828d?. But we know from 2) that |g; (z)| = /1 + 1,8585d2 .

Then we have
lq1(2)|? =1 +1,8585d% > 1 + 0,6456d° > (1 + 0,2828d2%)% = (1 + [, (2)])?,
which completes the proof.
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