
International Journal of Applied Science and Technology        Vol. 10, No. 4, December 2020       doi:10.30845/ijast.v10n4p4 

 

30 

 

Generalization of an Euler Theorem 

 
RENÉ BENÍTEZ 

 

Departamento de Matemáticas 

Universidad Autónoma Metropolitana-Iztapalapa 
 

 

Abstract. In this note, Euler's Theorem is generalized using mathematical induction. 

1. Introduction 

The following result, known as the Euler's Theorem, is established in the courses of modern geometry. 

“If ,  ,  A B C and D are any four points in a line, then the directed segments ,  ,  ,  ,  AB CD AC DB AD and BC  satisfy the 

relationship 

0"AB CD AC DB AD BC       

In this note we start with a classic proof of the Euler's Theorem, and then generalize it by mathematical induction on 

the number of points. 

2. An Euler Theorem 

Euler's Theorem.  If ,  ,  A B C  and D  are any four points in a line, then the segments 

,  ,  ,  ,  AB CD AC DB AD and BC satisfy the relationship 

0.AB CD AC DB AD BC       

Proof  Consider the points ,  ,  A B C and D on a line, and let ,  ,  ,  ,  AB CD AC BD AD and BC be the directed segments 

determined by them, as shown below. 
 

 
 

Hence 
        

        

        ;

AB AD BD DB DA

AC AD CD DC DA

BC BD CD DC DB

   

   

   

 

from here we have 
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AB CD AC DB AD BC

DB DA CD DC DA DB DC DB AD

DB CD DA CD DC DB DA DB DC AD DB AD

DB CD DA CD DB CD AD DB DA CD AD DB

     

        

           

           



 

 

3   Generalization of the Euler's Theorem 

The Euler Theorem of the previous section is generalized as follows: 

Proposition 1  If 1 2,  , ,  nA A A are any 4n   points in a line, then the directed segments 

1 2 3 1 2 1 1 1 1,   ,   ,   ,   ,   n n n i i iA A A A A A A A A A A A    

for 3 1,i n    satisfy: 

1

1 2 3 1 1 1 1 2 1

3

            0.
n

n i i i n n
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A A A A A A A A A A A A
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Proof.  If   4,n   the theorem is the Euler's Theorem. Now, we suppose the result is true for     4,n k   that is 

1

1 2 3 1 1 1 1 2 1

3

            0.
k

k i i i k k

i

A A A A A A A A A A A A


  



       

So, for     1,n k  we have 

1 2 3 1 1 1 1 1 1 2
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1 2 3 1 1 1 1

3

1 1 1 1 1 2

1 2 3 1 1 2 3 1 2 1

1 1 1 1 1
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1 2 3 1 3 1 2 1 1 1

1 1 2
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The last equality is obtained by applying the Euler's Theorem to the points 1 2,  ,   kA A A y 1.kA   
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